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Abstract 

When generalizing a characterization of centre- by-finite groups due to B. H. Neumann, M. 
J. Tomkinson asked the foUowing question. Is there an FC-group G with \G/Z{G)\ = k 
but [G : NciU)] < K for all (abelian) subgroups U of G, where k is an uncountable cardinal 
[16, Question 7A on p. 149]. We consider this question for k = uji and k = uj^- It turns 
out that the answer is largely independent of ZFC (the usual axioms of set theory), and 
that it differs greatly in the two cases. 



* This work forms part of the author's PhDThesis written under the supervision of Prof. 
Ulrich Feigner, Tubingen, 1991. 
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Introduction 



The problem and its history. The purpose of this paper is to give some independence 
proofs concerning the existence of FC-groups having some additional properties. RecaU 
that a group G is FC iff every element g e G has finitely many conjugates; i.e. iff 
[G : Coig)] is finite for any g e G. We shall mostly be concerned with periodic FC- 
groups. 

In the fifties, B. H. Neumann gave the following characterization of centre-by-finite 
groups; i.e. groups with \G/Z{G)\ < co. 

(I) The following are equivalent for any group G. 
(i) G is centre-by- finite. 

(a) Each subgroup of G has only finitely many conjugates; i.e. [G : Ng{U)] < uj for 
all U <G. 

If G is an FC -group both are equivalent to 
(Hi) U/Uq is finite for all U < G. 

Here Uq denotes the largest normal subgroup of G contained in U, i.e. Uq '■= ^geG g'^Ug; 
it is called the core of U in G. It was indicated by Eremin that in both (ii) and (iii) above 
it suffices to consider abelian subgroups (cf [16, 7.12(a) and 7.20]; also note that a group 
satisfying (iii) above is in general not FC [16, p. 142]). 

Following M. J. Tomkinson [15] (see also [4]), for an infinite cardinal let Z,^ denote 
the class of groups G in which [G : Cg{U)] < k whenever U < G is generated by fewer 
than K elements (for n > lj, this is equivalent to saying that [G : Cg{U)] < k for U < G 
of size less than k). Clearly Z^o is just the class of FC-groups. Generalizing Neumann's 
result Tomkinson proved in [15] (see also [16, Theorem 7.20]). 

(II) Let K be an infinite cardinal. The following are equivalent for any FC -group G in Z,^. 

(i) \G/Z{G) \ < K. 

(ii) [G : Ng{U)] < K for all U <G. 

(iii) [G : Ng{A)] < K for all abelian A<G. 

(iv) \U/Ug\ < K for all U <G. 

(v) \A/Ag\ < K for all abelian A < G. 
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It was later shown by Faber and Tomkinson in [4] that the condition that G is FC can be 
dropped in (II). 

On the other hand one might ask whether the condition that G is Z„ is necessary to 
prove the equivalence of (i) through (v) in (II). Clearly the following implications always 
hold. 

{%) =^ [ii) =^ {ill) 
(i) =^ (iv) =^ (v) 

But what about the others? 

One answer to this question was indicated by Tomkinson himself [16, p. 149]. Recall 
that a p-group E is called extraspecial iff $(i?) — E' — Z{E) = 'Z p. (Here $(i?) is the 
Frattini subgroup of E; i.e. the intersection of all maximal subgroups of E.) This implies 
that E/E' is elementary abelian. Let E be an extraspecial p-group of size loi all of whose 
abelian subgroups are countable (the existence of such groups was proved by S. Shelah 
and J. Steprans in [13] improving on earlier work of A. Ehrenfeucht and V. Faber [16, 
Theorem 3.12] who got the same result under the additional assumption of the continuum 
hypothesis (CH)). Note that ii U < E then U is either normal and so U = Ue or U is 
abelian and so \U/Ue\ < ]C^| < a;. So for n = oji and G = E, (iv) and (v) in (II) are true, 
whereas (i) is not. Also, if A < £^ is maximal (abelian) with respect to Af] E' = 1, then 
{E',A) = Ce{A) = Ne{A). Hence \A\ = \Ne{A)\ = oj and [E : Ne{A)] = uoi. Thus (ii) 
and (iii) do not hold either. 

Why is this so? - To get (iv) and (v) but not (i) we used an extraspecial p-group such 
that all (maximal) abelian subgroups are small. Dually, to get (ii) and (iii) but not (i) we 
should use an extraspecial p-group such that all maximal abelian subgroups are large in 
the sense that their indices are small. It will be one of our goals to discuss the existence 
of such groups (see Theorems D and E below and § 5). Tomkinson proved already in [14] 
that there are no such groups of size oji (this also follows from our more general Theorem 
C). 

The main results. For k, = our results are as follows. 

Theorem A. Under CH there is an FC -group G with \G/Z{G)\ = coi but [G : 
Ng{A)] < u> for all abelian subgroups A < G. 

Theorem 3. It is consistent ( assuming the consistency of ZFC ) that there is no 
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FC-group G with \G/Z{G)\ = uj\ hut [G : Ng{A)] < uj for all abelian subgroups A < G. 

Theorems A and B show that the question whether (i) and (iii) in (II) are equivalent for 
K = Ui is not decided by the axioms of set theory alone. The example used to prove 
Theorem A has a countable subgroup U with [G : Ng{U)] = u>i. So it does not answer the 
following 

Question 1. Let k = ui. Are (i) and (ii) in (II) equivalent for all FC-groups G? 

We conjecture that the answer is yes. Our reason for believing this is the following partial 
result. 

Theorem C. Let k = coi. Then (i) through (iii) in (II) are equivalent for all finite- 
hy- abelian groups G. 

Here, a group G is called finite- by- abelian iff G' is finite. 

Question 1 and Theorem C are very closely related to another problem of Tomkinson 
[16, Question 3F on p. 60]. Following [14] (see also [16, chapter 3]) let Z be the class 
of locally finite groups G satisfying: for all cardinals k and all H < G of size < k, 
[G : Cg{H)] < «• So Z is the class of periodic groups in the intersection of the And 
y is the class of locally finite groups G satisfying: for all cardinals n and all H < G of 
size < K, [G : Ng{II)] < k. Clearly Z Qy. Tomkinson asked whether there are 3^-groups 
which are not in Z. He proved in [14, Theorem D(i)] that any extraspecial p-group in y 
of size uji lies in Z. We generalize this by showing 

Theorem C. y = Z for finite-by- abelian groups of size coi. 

Theorem B'. Assuming the consistency of ZFC it is consistent that y = Z for 

FC-groups of size u>i. 

The proofs of these results use the same ideas as the proofs of Theorem C and B, re- 
spectively, and we hope that our argument can be generalized to give a positive answer 
to 

Question 1'. Isy = Z for FC-groups of size uji ? 

Note that a positive answer to Question 1' would give a positive answer to Question 1 too. 
For suppose there is a counterexample G. Then \G/Z{G)\ = ui (and without loss we may 
assume that \G\ = ui) but [G : Ng{U)] < oj for all U < G. By Tomkinson's result (H), 
G^Z^j^, so G^Z, hence G^y; i.e. there is a countable U < G such that [G : Ng{U)] = oji, 
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a contradiction. - The problem seems to be of group theoretical character, and might 
involve a better understanding of countable periodic FC-groups. 

For K = UJ2 the picture changes considerably. Recall that an uncountable cardinal k 
is (strongly) inaccessible iff it is regular (i.e., it is not the union of < «; sets of size < k) 
and all cardinals \ < k satisfy 2'^ < k (especially, k is a limit cardinal). The existence 
of inaccessible cardinals cannot be proved in ZFC; in fact, something much stronger is 
true. Let / denote the sentence there is an inaccessible cardinal. Then the consistency of 
ZFC can be proved in the system ZFC + 1 (see [9, chapter IV, Theorem 6.6 and p. 145]). 
Hence, by Godel's Incompleteness Theorem, the consistency of ZFC + 1 cannot be proved 
from the consistency of ZFC alone. - A weak Kurepa tree is a tree of height coi with uj2 
uncountable branches such that all levels have size < a;i. A Kurepa tree is a weak Kurepa 
tree with countable levels (a more formal definition will be given in § 1). The existence of 
Kurepa trees is consistent (assuming the consistency of ZFC), and the non-existence of 
Kurepa trees is equiconsistent with the existence of an inaccessible (see, again, our § 1 for 
details) . 

Theorem D. Assume there is a Kurepa tree. Then there is an extraspecial p- group 
of size UJ2 such that [G : A\ < u>i for all maximal abelian subgroups A < G. 

On the other hand one can show (Theorem 5.4) that the existence of such a group implies 
the existence of a weak Kurepa tree. In fact, we can prove the following much stronger 
result. 

Theorem E. Assuming the consistency of ZFC + I it is consistent that for both 
K = LVi and K, — u>2 and any FC -group G, (i) through (Hi) in (II) are equivalent. 

We thus get 

Corollary. The following theories are equiconsistent. 

(a) ZFC + I. 

(b) ZFC + for K = uji and k = UJ2 and for any FC-group G: if \G/Z{G) \ = k then there 
is an abelian subgroup A < G with [G : Ng{A)] = k. 

(c) ZFC + any extraspecial p-group of size u>2 has an (abelian) subgroup with [G : 

Ng{A)] =U2. 

"(a) =^ (6)" is Theorem E; "(6) =^ (c)" is trivial; and "(c) =^ (a)" follows from Theorem D 
using the equiconsistency concerning the non-existence of Kurepa trees mentioned above. 
It should be pointed out that we cannot prove the equivalence of (b) and (c) ; namely, it is 
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consistent (assuming again the consistency of ZFC + /) that (c) holds but (b) does not 
(see Theorem 5.8). Still our Corollary shows again (cf [14] or [16, chapter 3, especially 
3.15]) the importance of the extraspecial p-groups in the class of periodic FC-groups. 

The organization of the paper. Our results use mainly classical (modern) set theory. 
For algebraists who might not be familiar with this material, we give a short Introduction 
to this subject in § 1. We hope that this makes our work more intelligible. The reader 
who has seen forcing etc. before should skip the entire § 1. 

In the second section we show that a countable finite-by-abelian group is generated 
by finitely many abelian subgroups (Theorem 2.2). We also discuss what goes wrong when 
countable is dropped from the assumption of the Theorem. 

In the third section we prove a result on automorphisms of countable periodic abelian 
groups which turns out to be crucial for our arguments (Theorem 3.2); we will apply it 
in the proofs of Theorems B, C, and E. If we could generalize this result to countable 
periodic FC-groups, we would get a positive answer to Questions 1 and 1'. Our original 
proof involved a fragment of Ulm's classification theorem. Since then, M. J. Tomkinson has 
found a much shorter and more elegant proof which we reproduce with his permission... 
We close § 3 with the proof of Theorem C (and C). 

Section 4 is devoted to the proofs of Theorems A and B (and B'); i.e. to the case 
K = uji. It turns out that the knowledge of maximal abelian subgroups of countable 
periodic FC-groups is essential. 

In section 5 we deal with the case k = u>2 and the relationship between Kurepa trees 
and extraspecial p-groups; we prove Theorems D and E. We think that those results are 
the most interesting and most beautiful of our work. 

We close with some generalizations in § 6. 

Finally note that we get most of the main results mentioned in the preceding subsection 
as corollaries to more technical theorems and constructions, and we hope that the ideas 
involved in the latter might be useful when dealing with other problems as well. They are 
Theorems 2.2, 3.2 and 4.4 (with its elaboration in 5.7) and the easy 5.4 (see also 5.7) - 
and the constructions in 4.2 (modified in 4.6 and 4.7) and 5.3 (modified in 5.9). 

Group-theoretic notation and basic facts on FC-groups. Our group-theoretic notation is 
standard. Good references are [12] for general group theory, [5] and [6] for abelian groups 
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(which will be written additively), and [16] for FC-groups. 

For completeness' sake we give our extension-theoretic notation. Let A, G be groups. 
If G < Aut{A), we let A>iG denote the semidirect product of A and G. If t : G^ ^ A 
is a factor system (i.e. Wg E G (r((7, 1) = T{l,g) = 1) and Wf,g,h G G {r^f g,h)T{f , g) ~ 
T{f, gh)T{g, h))), we let E{t) denote the corresponding extension (where the operation of 
G on yl is trivial). In the latter case, group multiplication is given by the formula 

V(a, g), (6, h) e E{t) (a, g) * (6, h) = (t(^, h)ab, gh). 

More details can be found in [12, chapter 11]. 

We note that in all of our results (in particular, in Theorems B, C, and E) it suffices to 
consider periodic FC-groups. The reason for this is as follows. By a result of Cernikov [16, 
Theorem 1.7], any FC-group can be embedded in a direct product of a periodic FC-group 
and a torsion-free abelian group. Now suppose G is an (arbitrary) counterexample to one 
of our results; i.e. \G/Z{G)\ = k, but [G : Ng{A)] < k for aU (abehan) A < G. Assume 
G < PxT and 7r(G) = P, p{G) = T, where P is a periodic FC-group and T is torsion-free 
abelian, and tt and p are the projections. Clearly \P/Z{P)\ = k, and also [P : Np{A)] < k 
for all (abelian) A < P. This gives us a periodic counterexample. 

Acknowledgments. I should like to thank Ulrich Feigner and Frieder Haug for many 
stimulating discussions relating to the material of this work. I am also grateful to M. J. 
Tomkinson for simplifying the proof of Theorem 3.2, and to both him and the referee for 
many valuable suggestions. 



§ 1. Set- THEORETIC PRELIMINARIES 



Set-theoretic Notation. If X is a set, [X^ denotes the set of subsets of X of size k] 
[X]'^'^ is the set of subsets of X of size < k; [X]-** etc. are defined similarly. If X e [k]"^ 
for some n E ou, then X{i) {i < n) denotes the z-th element of X under the inherited 
ordering. Further set-theoretic notation can be found in [9] or [7] . 
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Delta-systems and almost disjoint sets. A family A of sets is called a delta-system 
(A-system) if there is an R (called the root of A) such that 

yA,BeA (Ay^ B ^ AnB = R). 

The delta-system lemma [9, chapter II, Theorem 1.6] asserts that given a collection A of 
sets of size < n with |^| > 9 where 9 > n is regular and satisfies Ma <9 {\oi'^'^\ < 9), there 
is a B C ^ of size 9 which forms a A-system. We shall use it most often in case k = uj. 
If K is a cardinal, a family of sets A C V{k) is called almost disjoint (a.d.) iff 

MA^A {\A\ = k) and MA, B e A {A ^ B ^ \An B\ < n). 

Trees. A tree is a partial order (T, <) such that for each x e T, {y e T; y < x} 
is wellordered by <. Let T be a tree. For x E T, the height of x in T {ht{x,T)) is the 
order type of {y G T; y < x}. For each ordinal a, the a-th level of T is LeVa{T) = G 
T; ht{XjT) = a}. The height of T {ht{T)) is the least ordinal a such that LeVa{T) = 0. 
A branch of T is a maximal totally ordered subset of T. 

A weak Kurepa tree is a tree T of height u>i with at least UJ2 uncountable branches 
such that VcK < uji {\LeVa{T)\ < oJi). Clearly, ii CH holds, the complete binary tree 
of height cji is a weak Kurepa tree. A Kurepa tree is a weak Kurepa tree T satisfying 
\/a < u}\ {\LeVoi{T)\ < u). A Kurepa family is an C V{uji) such that \!F\ > UJ2 and 
VcK < a;i (|{^n a; A & T}\ <oj). It is easy to see [9, chapter II, Theorem 5.18] that there 
is a Kurepa family iff there is a Kurepa tree. 

Partial orders and forcing. Forcing was created by Cohen in the early sixties to solve 
Cantor's famous continuum problem; i.e. to show that for any cardinal k of cofinality > a; 
it is consistent that 2^ = k - assuming the consistency of ZFC Since then many other 
independence problems have been solved by the same method. As forcing will occupy a 
central position in our work, we briefly deflne its main notions. For a (very nicely written) 
introduction to this subject, we refer the reader to [9]. 

Let (P, <) be a partial order (p.o. for short; sometimes, P will be referred to as forcing 
notion). The elements of P are called conditions. If p, g e P and p < q, then p is stronger 
than q (or p is said to extend q). p and q are compatible iff 3r e P (r < p Ar < q); otherwise 
they are incompatible (p-Lq). A set D C P is called dense iS Mp E IP 3q < p {q e D); D is 
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open dense iff it is dense and \/p & TP \/q E D {p < q ^ p E D). ^ C P is called a filter iff 
yp, q & G e Q (r < p A r < q) and ^p e Q ^q e IP (p < q ^ q e G). - Now suppose M 
is a countable transitive model for ZFC (called the ground model), and IP e M.. A filter 
^ C P is called TP -generic over M iff for all dense D e M, QnD ^ (ll. The countability of 
Ai implies that there exist always P-generic Q; also, if P is non-trivial in the sense that 
Vp G P 3q,r E TP {q < p,r < p A Q-Lr), then a P-generic Q cannot lie in Ai, and the 
generic extension (the smallest countable transitive model of ZFC containing JH 

and Q) will be strictly larger than Ai. - The properties of A4[G] can be described inside 
Ai using the forcing relation (||— ) as follows. For any object in Ai[G] there is a TP-name 
in Al; we shall use symbols like ^, ^, ... to denote such names. A sentence of the forcing 
language is a ZFC-formula i/j with all free variables replaced by names. For such if; and 
p e P we write p ||— p {p forces iff for all Q which are P-generic over A4, if p & Q, 
then ip is true in The relation ||— is definable in the ground model M.. Furthermore, 

if G is P-generic over M and ijj is true in then for some p eQ, p ip. 

An antichain in a p.o. P is a pairwise incompatible set. P is said to satisfy the k-cc 
[n-chain condition, k an uncountable cardinal) iff every antichain A C P has size < k. 
ccc (countable chain condition) is the same as a;i-cc. P is K-closed iff whenever X < k 
and {p^; ^ < A} is a decreasing sequence of elements in P (i.e. ^ < r] ^ p^ > pr,), then 
Bqf e P < A (qf < p^). A p.o. P preserves cardinals > k {< k) iff whenever Q is 
P-generic over A4, and A > k (A < k, respectively) is a cardinal in the sense of Al, it is 
also a cardinal of Cardinals which are not preserved are collapsed. If P has the 

K-cc, then it preserves cardinals > k, if it is ^-closed, it preserves cardinals < k.. 

A map e : P — > Q (where P and Q are p.o.) is a dense embedding iff \/p,p' G 
TP {p' < p ^ e{p') < e{p)), yp,p' G P [p-Lp' =^ e(p)_Le(p')), and e(P) is dense in Q . If 
e : P ^ Q is dense, P and Q are equivalent in the sense that they determine the same 
generic extensions. Any p.o. can be embedded densely in a (unique) complete Boolean 
algebra B(P) (the Boolean algebra associated with TP). 

Sometimes we want to repeat the generic extension process. This leads to the tech- 
nique of iterated forcing (see [1] or [8, chapter 2] for details). We are mainly concerned 
with two-step iterations which we shall denote by P * Q . 

We set Fn{K, X, fj,) := {p; p is a function, \p\ < fx, dom{p) C k, ran{p) C A}; 
Fn{K, A, jj) is ordered hy p < q p ^ q. Fn{K, 2, A) is called the ordering for adding 
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K Cohen subsets of A; for X = oj, the Cohen subsets are referred to as Cohen reals. Assume 
that 2^''^ = A, A regular; then Fn{K, 2, A) is A-closed, has the A+-CC, and so preserves cardi- 
nals. Furthermore, ii = k (in the ground model), then 2''^ = k in the generic extension. 
Cohen extensions can be split and thought of as a two-step iteration (cf [9, chapter VIII, 
Theorem 2.1] for the case \ = u). 

For simplicity, we think of forcing as taking place over the whole universe V instead 
of over a countable model M. (though this is not correct from the formal point of view - 
see [9] for a discussion of this). 

Finally we come to internal forcing axioms. Those are combinatorial principles proved 
consistent via iterated forcing; their statement captures much of this iteration. The easiest 
is Martin's Axiom MA. 

(MA ) For all ccc p.o. JP and any family V of dense subsets ofJP, there is a filter Q in 

P such that eV [g no y^^D). 

For the (rather involved) statement of the proper forcing axiom PFA we refer the reader 
to [2] or [8, chapter 3]. 

Forcing and inner models. Sometimes the consistency of ZFC is not sufficient for 
proving the consistency of some combinatorial statement (C) via forcing, and one has 
to start with a stronger theory (in general some large cardinal assumption) - e.g. the 
existence of an inaccessible {ZFC + 1). In those cases we also want to show that the large 
cardinal assumption was really necessary; e.g. that Con{ZFC+C) implies Con{ZFC+I). 
The way this is usually done is by showing that if C holds in the universe V, then some 
cardinal is large (e.g. inaccessible) in a sub-universe U (a transitive class model C V 
satisfying ZFC); such sub-universes are called inner models. The most important is the 
constructible universe £, invented by Godel. 

To show the consistency of the non-cxistcncc of weak Kurepa trees, an inaccessible is 
collapsed to uj2 (more correctly, the cardinals between u>i and the inaccessible are collapsed) 
- see [11] or [1]. On the other hand, the non-existence of Kurepa trees in V implies that 
is an inaccessible cardinal in the sense of C (see [9, chapter VII, exercise (B9)]). The 
consistency of the existence of Kurepa trees can be proved by forcing or by showing that 
they exist in C 
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§ 2. The invariant g(G) 



2.1. For any group G let g{G) - the generating number - denote the minimum number 
of abehan subgroups of G needed to generate G. The foUowing result should be thought 
of as generalizing the fact that any countable extraspecial p-group is a central sum of 
extraspecial p-groups of order [16, Corollary 3.10] - and so can be generated by two 
abelian subgroups. 

2.2. Theorem. For any countable finite-by- abelian group G, g{G) < u. 

Proof. We make induction on \G'\. The case \G'\ = 1 is trivial. So suppose \G'\ > 1. 
We set H := Cg{G'). As G is an FC-group, \G : H\ < a;; so it suffices to show that H 
is generated by finitely many abelian subgroups. H' is a finite abelian group; i.e. it is a 
direct sum of finite cyclic groups of prime power order: H' — (ao) © ... © (a„). There is a 
prime p and a natural number £ such that o{an) = p^- Let A := (ao, an-i, o^)- We shall 
define (recursively) two subgroups Hq, Hi < H such that {Hq, Hi) — H and H'f^ < A < H' 
for /c G 2. Then the result follows by induction. 

Suppose H = {bm', m G u}. Let mo be minimal with the property that there is an m 
such that [bmojbm] ^ A. Put bo, ...,6m,o iiito Hq. Let cq := b^o and ci := bm^ where mi 
is minimal such that [co, ^'mi 

] ^ A, and put ci into Hi. For m > mo, mi let be a 
product of bm and powers of cq and ci such that [d^, bk] G ^ for any k G mo + lU{mi}. We 
continue this construction recursively. Suppose we are at step z; i.e. m2i, m2i+i, C2i, C2i+i 
and (m > m2i,m 7^ m2j-|-i for j < i) have been defined. Then let m2t+2 be minimal 
with the property that there is an m such that [d\n^.^^,d\^ ^ A. Put d\^^._^i, ...,d\^^.^^ 
into ifo- Let C2i+2 := d\^2i+2 ^2^+3 := d\^^.^^ where m2i+3 is minimal such that 
[c2i+2,d\^^.^^] ^ A, and put 02^+3 into Hi. For m > m2i+2,rn 7^ m2j+i for j < i + 1, 
let cZ^^ be a product of dl^ and powers of C2i+2,C2i+3 such that [c^^"'^,cJfc] G ^ for any 
k G ((m2j,m2j+2] U {m2j+3}) - {m2j+i; j < i}. 

In the end Hi := {c2j+i', j Go;); and Hq is the group generated by the elements which 
have been put into Hq. It is easy to see that Hq and Hi satisfy the requirements. □ 

{Remark. The proof of this result is in two steps. The first shows that finite-by-abelian 
groups are nilpotent of class 2- by- finite, and doesn't require countability.) 
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This property of countable finite-by-abelian groups should be seen as corresponding 
to an old result of Baer's, that a group G is centre-by-finite iff x(^) < <^ [16, Theorem 
7.4], where x{G) denotes the minimum number of abelian subgroups needed to cover G. 
Nevertheless there are two drawbacks. First of all it is easy to construct a (countable) 
FC-group G with \G'\ = uj but g{G) = 2. Secondly, our result doesn't generalize to 
higher cardinalities. The important example of Shelah and Steprans [13] shows that there 
are finite-by-abelian (even extraspecial) groups of size lji all of whose abelian subgroups 
are countable. But even for nicer classes of groups there is nothing corresponding to the 
Theorem as is shown by the following 

2.3. Example. Let E be the group generated by elements a, a < ui, satisfying 
the relations = = [a, aa] — 1 and [aa, ap] — a for a < (3. E is easily seen to be an 
extraspecial Z-group of exponent p. We will show that g{E) = u^. 

For suppose that g{E) < oj. Then there are abelian subgroups An {n G a;) such 
that E is generated by the An. Choose F e [<^i]'^^ and n E uj such that for all a e F 
Oq, e {A}.; k < n). For each such a and any A; < n we can find bk,a £ -^k such that 
tta = YYk=o ^k,a (at least modulo a factor which is a power of a and which is irrelevant 
for our calculation). Now let Bk,a consist of the /? so that a/j appears as a factor in bk,a- 
We may assume that the Bk,a form a delta-system with root Rk for any fixed k. Let 
Ck.a '■= Bk^a — Rk- We can suppose that there is a jk such that \Ck,a\ = Jfc, that for all 
ct G F sup Rk < min Ck,a: that for a < (3 (both in F) sup Ck,a < n^in Gk,p, and that the 
multiplicities with which the appear in the bk,a depend only on 7 e or z e jk (and 
not on the specific a). Then 

h,a= n 4' n«s,.w' 

where £p, rrii & p. An easy commutator calculation shows that the commutativity of Ak 
implies that X^iej^, rrii = O (modp). On the other hand, 

n— 1 n— 1 

fc=0 fe=0 /36-Rfc i£j 

This equation cannot hold for any a with {{a} U Dk<nGk,a) H {iJk<nRk) = 0, thus giving 
a contradiction. □ 
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Note. It is easy to see that E can be embedded in an extraspecial p-group F with 
g{F) = 2. Namely, let F be the group generated by a, aa, ba {a < ui) satisfying - in 
addition to the above relations - b'^ = [a, 6q] = [ba, bpi] = 1 and 



Then F = {Aq,Ai), where = {C'aba', ck < uJi) and Ai = (ba, a < coi)- In fact, F is a 
semidirect extension of E. 

So the inequality g{G) < k is not necessarily preserved when taking subgroups. It is 
preserved, however, when taking factor groups. This suggests that instead of dealing with 
g, one should consider the hereditary generating number hg{G) := sup{g{U); U < G}. 

(A much easier example for this is the direct sum E^^j of countably many extraspecial 
p-groups of size (of exponent p for p > 2). g{E^) — 2, but E^^ contains the tree group 
C of 4.2 which has g{C) = u.) 

2.4. Let QSVJ-' be the Q5I?-closure of the class of finite groups; i.e. G G QSDT iff it 
is a factor group of a subgroup of a direct sum of finite groups. QSVJ-" is a subclass of Z 
[16, Lemma 3.7]. Tomkinson asked [16, Question 3F] whether Z ^ QSVT. This was shown 
to be true rather indirectly by Tomkinson and L. A. Kurdacenko; namely Kurdacenko [10, 
Theorem 4] proved that any extraspecial Q»SI?J^-group can be embedded in a direct sum of 
groups of order p^ with amalgamated centre, and Tomkinson gave a (rather complicated) 
example [16, Example 3.16] for an extraspecial Z-group which cannot be embedded in a 
direct sum of groups of order p^ with amalgamated centre. 

We shall show that the group of 2.3 does not lie in QSVT, thus providing an easier 
example. To this end, for any group G, let P{G) be the least cardinal k such that any 
set of pairwise non-commuting elements of G has size less than k. A canonical A-system 
argument shows that G G QSVJ^ implies P{G) < cui (this is a special instance of [3, 
Theorem 6]). On the other hand, the definition of E in 2.3 shows that P{E) — u)2- Hence 




EeZ\ QSVT. 
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§ 3. FC- AUTOMORPHISMS OF COUNTABLE PERIODIC ABELIAN GROUPS 



3.1. Let G be an FC-group. An automorphism (/> of G is called FC -automorphism iff 
\{g {g~^)(f); g G G}\ < u>; i.e. iff the semidirect extension of G by the group generated by 
(f) is still an FC-group. For our discussion the following is important. 

3.2. Theorem. Let A be a countable periodic abelian group. Suppose ^ is a group 
of FC -automorphisms of A with c/(|$|) > co. Then there is a subgroup B < A such that 

</,e$}| = |$|. 

Proof (Tomkinson). First of all, for G let := (a — acp; a G A). There are only 
countably many finite subgroups C < A. If $(7 := {(j) G A^ < C}, then $ = IJ^ (^c- 
Since c/(|$|) > a;, there is a C = C{A) < A such that l^^l = 1^1- We make induction on 
|C|. 

Secondly we can restrict our attention to p-groups (for some fixed prime p). The 
general result follows easily (as any periodic abelian group is the direct sum of its p- 
components which are characteristic subgroups). 

Now let m := exponent of C; i.e. m is the smallest integer such that p'^C = 0. 
Then for all a G A of height > m and all (p E a4> = a. (To sec this let a E A 
be of height > m. Choose a E A such that p^a — a. Let h := a(() — a E C. Then 
acj) = {p^a)(j) = p'^{a + b) = p^a = a.) Especially it suffices to consider reduced p-groups. 

As usual let A^ denote the subgroup of all elements of infinite height in A. Priifer's 
Theorem [5, Theorem 17.3] says that A/A^ is a direct sum of cyclic p-groups. By the 
preceding paragraph, (f)\A^ = id for any G Suppose A^ f] C < C. Choose B < A 
containing A^ such that B/A^ fl {C + A^)/A^ = and [A : B] < u) (this is possible because 
A/A^ is a direct sum of finite groups). Then either B satisfies the requirements of the 
Theorem, or B has as many automorphisms as A. In the latter case we are done by 
induction because C{B) < C{A) — C. 

This shows that we may assume C < A^ (in particular, A^ ^ 0). Now let -D < C such 
that \C/D\ = p. Each (j) E ^ leaves D fixed and so induces an automorphism oi AJD. Let 
^A/D be the group of induced automorphisms. If |$a/d| < |^|) then \^d\ = |^|, and we 
are done by induction. 
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So we may assume that |^*a/d| = 1^1 ^nd consider A = A/D. There is an < ^ 
such that EnC = D and A/E = Cpoo (such an E can be constructed as follows: let F be 
a complement of C in {x E A; o{x) = p}; set E := {x E A; if o{x) = p"' then p'^~^x e F}; 
let E be the subgroup of A corresponding to E). For each e id\pA — (j)\pA. So 

A = E+pA implies that if (p ip {(f),ijj E then (j)\E ^ ijj\E. Hence EnC = gives 

us £'0 £''0. Therefore E has I^a/dI images under $. This proves the Theorem. □ 

3.3. Proof of Theorems C and C\ We have to show that for any finite-by-abelian 
group G of size wi, 

(i) GEZi^GEy; 

(ii) \G/Z{G)\ < w iff [G : Ng{A)] < uj for aU abelian A<G. 

For suppose not. Then there is a finite-by-abelian group G which is not Z such that 
in case (i): G E y\ 

in case (n): [G : Ng{A)] < oj for aU abehan A<G. 
(In case (ii), the fact that G is not in Z follows from Tomkinson's result (II) mentioned 
in the Introduction.) Then G has a countable subgroup U with [G : Cg{U)] = oji. Let 
V := := {g-^Ug; g E G). As G is EC, V^G is countable. By Theorem 2.2, 
g{V) < ijj, so there are n E uj and Ai < V abelian such that {Af, i < n) = V. Clearly 
Cciy) = f^iKnCciAi); thus there is an z G n such that [G : CoiAi)] = uJi. So either 
[G : NciAi)] = uJi in which case we're done, or [NciAi) : CciAi)] = uji. In that 
case, we may assume G ~ NciAi), and G/CG{Ai) can be thought of as a group of FC- 
automorphisms of Ai, and we are in the situation of Theorem 3.2; i.e. we get a subgroup 
B < Ai such that [G : Ng{B)] = cui, a contradiction. □ 

3.4. The argument in 3.3 shows that if one could prove the analogue of Theorem 3.2 
under the weaker assumption that A is EC instead of abelian, this would solve Questions 
1 and 1' in the Introduction. So we should ask 

Question 1" . Suppose G is a countable periodic EC-group, and ^ is a group of EC- 
automorphisms of G with c/(|$|) > a;. Is there a subgroup U < G such that \{U(f); (f) E 
$}| = |$| ? 
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§ 4. Maximal abelian subgroups of FC-groups 



4.1. Maximal abelian subgroups (of FC-groups) are important for our discussion, 
especially those of countable periodic FC-groups in case k = uJi. For Theorem A, we want 
to construct a countable FC-group having an uncountable set of automorphisms such that 
on each (maximal) abelian subgroup only countably many act differently (4.2 and 4.3). 
To prove Theorem B, we shall try to shoot a new abelian subgroup through an old set 
of automorphisms so that many of these automorphisms act differently on this group (4.4 
and 4.5). These two procedures should be seen as being dual to each other (cf especially 
4.6). Therefore we pause for an instant to look at the lattice of abelian subgroups itself. 

Lemma. If G is a Z^-group with \G/Z{G)\ > k, then G has at least 2'^ maximal 
abelian subgroups. 

Proof. We construct recursively a tree {^ai £ 2^'^} of subgroups of G with Z{G) < 
Aa- and \Aa-/Z{G)\ < k {Aa/Z{G) is finitely generated in case k = oj) as follows. Let 
Aq := Z{G). If q; e « is a limit ordinal and a e 2°', let A^y := U/Jea^o-T/^- assume 
a — (3 + 1 for some (3 E k and a G 2'^. Suppose Cg{A(j) is abelian. Choose B < G 
such that {B,Cg{Acj)) = G and \B\ < k (or B is finitely generated if k = u). Then 
[C : Cg{B)] < K. So [G : Cg{B) n Cg{A„)] < k which contradicts |C/Z(G)| > k. So 
Cg(^o-) is non-abelian and there are g, h E Cg{A^) such that [g,h] ^ 1. Then set 
Aa{o) ■= {Aa,g) and ^^-(i) := {A^,h). 

In the end, for each / e 2*^, extend Uac/ ^ maximal abelian subgroup Af. By 

construction, g ^ f implies Ag ^ Af. □ 

In fact, the proof of the Lemma shows that any abelian subgroup A with \ AZ{G)/Z{G)\ < 
K is contained in at least 2'^ distinct maximal abelian subgroups; and that it is contained 
in at least n subgroups B^, a < with Z{G) < Bq, and \Ba/Z{G)\ < k and which are 
pairwise incompatible in the sense that (5q,, Bp) is not abelian for a ^ P - this fact will 
be used in the proof of Theorem 4.4. below! 

As a consequence in case k = u> we get 

Corollary. An FC -group has either finitely many or at least 2'^ maximal abelian 
subgroups. It has finitely many iff it is centre-by- finite. □ 
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4.2. As mentioned earlier we are concerned with the following problem. Suppose G is 
an FC-group. Under which circumstances is there a set S oi k automorphisms of G such 
that for all abelian A <G, \{(j)\A] (j) E S}\ < k1 An easy necessary condition is g{G) > uj. 
We begin with the following 

Example. For each n e a; we introduce a finite group Cn as follows. Let An be an 
elementary abelian p-group of size p"^, and an elementary abelian p-group of size p^'^\ 
We extend B^, by A^, with factor system t„ as follows: 

rn{a^,aj) | . ^.^ otherwise, 

where h : [n]^ ^ (2) is a bijection and the respectively) are generators of A^ (-Bn)- 

Let On be the extension (i.e. Cn = E[Tn))- Note that Cn is the free object on n generators 
in the variety of two-step nilpotent groups of exponent p (p > 2); and that it is a special 
p-group with C'n = $(Cn) = Z{Cn) = Bn- Let C be the direct sum of the Cn- If ^ is 
any function from uj to U^n with g{n) G An, then g defines a maximal abelian subgroup 
Mg := {Bn, g{n); n & u>). On the other hand each maximal abelian subgroup of C is of 
this form. So the maximal abelian subgroups can be thought of as branches through a 
tree. For later reference we shall therefore call C the tree group. 

Now assume CH. Let {Mq,; ck < a;i} be an enumeration of the Mg. We introduce 
(recursively) a set of automorphisms {(pa, a < oji} oi G := C (B D where D = (d) is a 
group of order p as follows: fix a; let {A^^; n E iv} he an enumeration of {Mjs; /3 < a}; 
and let {'i/'n! n G cu} be an enumeration of {</>/?; P < a}. We define (pee and an auxiliary 
function f : u) ^ oj recursively. Suppose f\{n + 1) and 4>a\{,@i<^f(^n) ^» ® ^) have been 
defined. We choose f{n + l) so large that we can extend (j)^ to (0j</(„+i) Ci®D) so that 

(i) Vc e 0i</(^+i) Ci®D3kep {c^oc = c+kd); 

(ii) <l^a\{®,<f^n+l)B^®D) = ^d■, 

(in) \/k<n (</)« \m^f^n+i) C^®D)^ r(e,</(.+i) a © D))- 

(iv) (t>^ r((Ufc<,Afe) n (© fi^n)<i<f{n+l) Ci © ^)) = id. 

This is clearly possible. It is easy to see that {0q,; a < uji} is a set of (distinct) au- 
tomorphisms of G such that for all maximal abelian A < G, \{(j)a\A; a < a;i}| < u. 
□ 
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4.3. Proof of Theorem A. Form the semidirect extension E of the group G defined 
in subsection 4.2 by the group H generated by the automorphisms {0a; a < uji} (also 
defined in 4.2). Then E is easily seen to be an FC-group with the required properties (in 
fact, for all abelian A<E,[E: Ce{A)] < c^). □ 

4.4. We now show that CH was necessary in the example above. 

Theorem. Let \ > he cardinals, k regular. Denote by Fn{X, 2, k) the p. o. 
for adding X Cohen subsets of k. Suppose V \= 2^"^ = k. Then in V[Q], where Q is 
Fn{X, 2, k) -generic over V, the following holds: for any Zf^-group H of size k and any 
set of automorphisms ^ of H of size > k there is an abelian subgroup A < H such that 

mA- 0G$}i = i$|. 

Proof. Let H be any Z^-group of size k and with \HJZ{H)\ = k. Note that if 
\H/Z{H)\ < K, then Z{H) has the required property (as 2'^'^ = k,). We define the ordering 
Wh for shooting new abelian subgroups through H as follows: IPh '■= {A < H; A is 
abelian and A is generated by < k elements }. Wh is ordered by reverse inclusion; i.e. 
A <TP„ B iS B C A. IPh is K-closed, and non-trivial by the discussion in 4.1. Since 
2<'' = AC, Wh is trivially — cc. So forcing with Wh preserves cardinals and cofinalities. 

We first claim that if $ is any set of automorphisms of H of size > k in V, then 
in V[^], where Q is P//-generic over V, there is an abelian subgroup A < H such that 
\{cP\A; </>e$}|-|$|. 

For A we take the generic object, i.e. A = U{B < H, B e Q}. Suppose the claim is 
false. Let /j, be regular with |$| > /j, > k+. Then there is a C $ in V[S] of size /j, with 
V0, E {(f)\A = ip\A). So this statement is forced by a condition B e Wh', i-e. there is 
a Pj^-name ^ such that 

S 1^^' c $ A 1*1 = A V(/),^ e * {(j)\A = ip\A). 

As \Wh\ = 2<'^ = K, there is (in V) a X e [$]^ and a C <p^ B such that 

C \\-X c 

Now, C is an abelian subgroup of the Z^-group H of size less than k. So [H : Ch{C)] < k. 
As |X| > K and 2^*^ = k, \{x\Ch{C); x ^ X}| = so that we can find ip^x ^ 
c e Ch{C) \ C such that il){c) ^ x(c)- But then the condition (C, c) forces contradictory 
statements. This proves the claim. 
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Next we remark that for any ^^-group H of size k, Ph is equivalent (from the 
forcing theoretic point of view) to the Cohen forcing Fn{K, 2, k) for adding a single new 
subset of K. For n = oj this follows from the fact that any two non-trivial countable 
notions of forcing are equivalent [9, chapter VII, exercise (C4), p. 242]. The proof for 
this generalizes as follows. Let {Aq,; a < k} enumerate P//- We construct recursively 
a dense embedding e ^from {p G Fn{K, n, k); dom{p) G k} into P//. Let a < k and 
suppose e\{p G Fn{K, k); dom{p) G a] has been defined. If a is limit let, for any p 
with dom{p) = a, e{p) = U/3<a ^(^*r/^)- ^° suppose a = /3 + 1 for some (3 E n. There is 
by induction (at least) one po G Fn{K, k, k) with dom{po) = j3 such that is compatible 
with e(po)- For each p G Fn{K, k, k) with dom{p) = j3 choose a maximal antichain Mp of 
size K of conditions below e{p) in P^ (the existence of such an antichain is guaranteed 
by the discussion in 4.1), such that (^/3,e(po)) is a subgroup of some group in Mp^. Let 
e\{q G Fn{K, K, k); dom{q) = a and q\P = p} he a, bijection onto Mp. It is easy to check 
that e works. The same argument shows that {p G Fn{K, k, k); dom{j>) G k} can be 
densely embedded into Fn{K, 2, k). This gives equivalence (cf § 1). 

Finally we prove the Theorem. Let H and $ be as in the statement of the Theorem. 
First suppose |$| < A. Then $ is contained in an initial segment of the extension, and 
any subset which is Cohen over this initial segment produces the required A by the above 
arguments. So suppose |$| > A. In that case we think of the whole extension as a two-step 
extension which first adds A and then /j, Cohen subsets of k, where A is regular 

with c/(|$|) 7^ II and |$| > /i. Then there is a subset ^ G which is contained in an 

initial segment of the second extension, and our argument applies again. □ 

Remark. Note that in the Theorem, the assumption \H\ = k may be replaced by 
\H/Z{H)\ = K. The p.o. Ph in the proof contains in that case the abelian subgroups A 
with Z{H) < A and \A/Z{H) \ < k. 

4.5. Proof of Theorems B and B \ Let V |= ZFC. We show that in the model obtained 
by adding uj2 Cohen reals to V, 
(i) any 3^-group of size Ui is a Z-group; 

(n) there is no FC-group G with \G/Z{G)\ = oji but [G : Ng{A)] < u for aU abehan 
subgroups A < G. 

For suppose not. Then there is an FC-group G of size oji which is not in Z such that 
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in case (i): G e y; 

in case (ii): [G : Ng{A)] < uj for all abelian A<G. 
We argue as in the proof of Theorems C and C (subsection 3.3) using 4.4 instead of 2.2: 
let U < G be countable with [G : CoiU)] = wi; let V := U*^. Apply 4.4 (with k = lu, 
X = uj2,H = V and $ = G'/Cg(V")) to get an abelian A<V with [G : Co {A)] = cji. Now 
finish as in 3.3 with Theorem 3.2. □ 

4.6. The proof of Theorem B shows that its statement follows from MA + 2^ > coi. 
Still this is not the right way to look at the problem from the combinatorial point of view. 
Namely, when iterating Cohen forcing one merely goes through one particular ccc p. o., 
whereas MA asserts that generic objects exist for all ccc p. o. - not only for those which 
shoot new abelian subgroups through an FC-group G but also for those which shoot a 
new automorphism through G (see below). The consequences of this will become clear in 
§ 5 (see the difference between Theorems E and 5.8). 

Also MA is a weakening of CH, and many statements which are provable in ZFC + 
CH are still provable in ZFC + MA if we replace a; by < 2'*'. We shall see now that this 
is the case for our problem as well. 

Proposition. Assume MA. Then there is an FC -group G with \G/Z{G)\ = 2'^ hut 
[G : Ng{A)] < 2"^ for all abelian subgroups A< G. 

Proof. Let C be again the tree group of 4.2. We define the partial order Q c for 
shooting new automorphisms through C ® D (where D = (d) is again a group of order 
p)- Q, c '■= {(0)^); is a finite partial automorphism of C ® D with (i) 3n E cu with 
dom((f)) = 0.^^ Ci®D, (n) Vc e dom{(f)) 3k E p (ccf) = c+kd) and (in) ^[(Sie^ Bi®D) = 
id; and ^ is a finite collection of maximal abelian subgroups of C }; (</>, ^) ^ (ipi^) iff 
(/) 5 '0 and B and Vc e {dom{(f)) — dom{ip)) fl (U;B) (c0 = c). Q c is ccc and generically 
shoots a new automorphism through C (B D which equals the identity on all old abelian 
subgroups from some point on. 

To prove the Proposition let {Aq.; a <2'^} enumerate the maximal abelian subgroups 
of C. We construct recursively a set of automorphisms {(pa'i ck < 2^}. Let := {Dp; P < 
a} where Dp := {{(j),A) G Q c; Ap E A and ccj) ^ c(j)p for some c e (iom(0)}. Each Dp is 
dense in Q c'l hence, by MA, there is a "Da-generic filter Ga- Let 0q, := U{0; 3^ (0,^) £ 
Ga}. Then for all maximal abelian A < C ® D, \{(f)a\A; a < 2'^}| < 2'^. Now let 
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G := (C® i:>)xi(0«; a e 2'^). □ 

Certainly one should ask whether MA is necessary at all in the above result; or 
whether it can be proved in ZFC alone. It turns out that the answer (to the second 
question) is no, at least if we assume the existence of an inaccessible cardinal - see § 5 
(Theorem E). 

4.7. It is quite usual that combinatorial statements are not decided by -iCH. Again 
this is true in our situation. 

Proposition. It is consistent that 2^ > uJi and there is an FC -group G with 
\G/Z{G)\ = uji, but [G : Ng{A)] < u) for all abelian subgroups A < G. 

Sketch of the proof. The proof uses the tree group of 4.2 as main ingredient. Start 
with V \= 2'^ > uji and make a finite support iteration of length uji of the partial order 
Q c described in 4.6. □ 
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§ 5. EXTRASPECIAL P-GROUPS AND KUREPA TREES 



5.1. The goal of this section is a detailed investigation of extraspecial p-groups, es- 
pecially of those of size U2- The philosophy behind this is that many had things that 
can happen to (periodic) FC-groups already happen in case of extraspecial p-groups; or 
even that had periodic FC-groups involve had extraspecial groups - the most surprising 
example for this is Tomkinson's result that a periodic FC-group G which does not lie in y 
contains U <V < G such that V/U is extraspecial and not in y (see [14] or [16, Theorem 
3.15]). Our main contribution in this direction is the equiconsistency result mentioned in 
the Introduction (Corollary to Theorems D and E) . Another example is the equivalence in 
Proposition 5.5. - On the other hand, because of their simple algehraic structure (e.g., the 
fact that subgroups are either normal or abelian), extraspecial examples are in general the 
easiest to construct, and such constructions depend only on the underlying comhinatorial 
structure - the classical example for this is the existence of a Shelah-Steprans group [13]. 

We let y^ be the class of groups in which [G : Ng{U)] < k whenever U < G is 
generated by fewer than k elements. So the class y is just the class of locally finite groups 
in the intersection of the 3^^; and also y^j = = the class of FC-groups. It follows from 
Theorems B' and C that y^^ and Z^^ are consistently equal for periodic FC-groups, and 
that they are equal for periodic finite-by-abelian groups. 

By Tomkinson's result mentioned in the Introduction (II), if A < k are cardinals and 
C is a group with \G/Z{G)\ = k and [G : Ng{U)] < X for all subgroups U < G, then G 
is y^ for any /U > A"*" but not Z^. Furthermore, for extraspecial p-groups G, the following 
are equivalent (where k is any cardinal). 

(i) [C : Ng{A)] < K for all (abehan) subgroups A<G. 

(ii) For all maximal abelian subgroups A of C, [G : A] < n. 

In particular, an extraspecial p-group of size lu2 whose maximal abelian subgroups satisfy 
[G : A] < ui is y^^ but not Z^^. 

This should motivate us to study the three classes ^^^j = Z^^, y^j^, and Z^^^ for 
extraspecial p-groups more thoroughly. Clearly, there are groups lying in none or in all 
of these classes, or in Z^^ \ Z^^^ . The existence of groups which are in y^^ \ Z^^ or in 
-2^0-1 \ -^oia will be discussed in the subsequent subsections (up to 5.5). Our results can be 



summarized in the following chart. 











easy 


easy 


but y^^ 


? (cf. 5.5.) 


5.3. and 5.4. (follows from the 
existence of Kurepa trees, and implies 
the existence of weak Kurepa trees) 




5.5. (equivalent to the 
existence of Kurepa trees) 


easy 



5.2. The following is useful for the proof of Theorem D. 

Lemma (Folklore). Assume there is a Kurepa family. Then there is an a. d. Kurepa 
family of the same size. 

Proof. Let {A^^; a < k} be a Kurepa family (where k > 002) ■ Let / be a bijection 
between {A^ n a < k, (3 < ui} and uji. Then {{f{Aa n /?); (3 < a;i}; a < k} is easily 
seen to be an a. d. Kurepa family. □ 

5.3. Proof of Theorem D. Let £^ be a Shelah-Steprans-group [13] of size a;i, and let 
A = {Aa, a < a;2} be an a. d. Kurepa family. We extend E semidirectly by an elementary 
abelian group B of automorphisms using A as follows: for all a < oj^ define 0q; by 

Q J, = / /3 = or P ^ Aa, 

^ I apao otherwise, 

where ao generates Z{E) and {a/3; I < (3 < uJi} generates E. Set B := {(f}^', ol < 002)- 
This completes the construction. G := Ey\B is easily seen to be extraspccial. 

Now suppose A < G is abelian. Let 7r(A) denote the subgroup of E generated by 
the projection of A on the first coordinate (we think of the semidirect product as a set of 
tuples). We claim that 'k{A) is countable. For suppose not. Then clearly ao G 'k{A). Let 
C be a maximal abelian subgroup of 'k{A). C is countable, and Ct^(^a){C) = C. Choose a 
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subset {{ba,'4'a)'i < (jJi} of A such that C < n E u) and ba ^ hj3 for a ^ (3. Now- 
let consist of the (3 so that appears as a factor in ha- We may assume that the 
Bq, {a > (jj) form a delta-system with root R. Let Cq. := Bq, \ R. We can suppose that 
there is a j such that \Ca\ — j for a > co, that for a < P we have sup < min Cp, and 
that the multiplicities with which the aj3 appear in the ha depend only on 7 G i? or z G j. 
As A is a. d., we may assume that for each of the (countably many) automorphisms (j)s 
appearing as a factor in some (n G u)) and each i G j either Vcu > uj {aca{i)'p5 — (^Cdi)) 
or VcK > a; {ac^{i)(f)5 = ac^(i)0'o) (without loss the corresponding Ag^s are disjoint above 
C^(0)). In particular we have that for fixed n G a;, := h~^(ha)ipn = (hi3)'ipn for any 
a, P > u). As ^ is a Kurepa family, we may assume that i(^a \C = V'/j \C for any a, P > co. 
But then 

where (i^ = ^nV'a ^n^- C is maximal abelian in 7r(A), there is certainly an n G ca; such 
that [hn,ha] ^ [hnjhp] for some a,P > ui. But then the above calculation shows that A 
cannot be abelian. 

Now the fact that 'n{A) is countable and that ^ is a Kurepa family implies [G : 
Co{t^{A))] < uji (in fact, equality holds unless 'n{A) is finite, because is a Shelah- 
Steprans-group). If p{A) is the projection of A on the second coordinate, [G : Gg{p{A))] < 
uji holds trivially; and A < {7r{A),p{A)) implies [G : Ng{A)] < [G : Cg{A)] < ui. □ 

5.4. Theorem. If there is an extraspecial p- group of size loi in but not in Z^^^, 
then there is a weak Kurepa tree. 

Proof. Let G be such a group. Choose U < G oi size a;i such that [G : Cg{U)] = uj2- 
Let {ua'i a < uJi} generate U. Let {fp; /3 < UJ2} be a subset of G\U such that faCaiU) ^ 
fpCoiU). Define gp : uji ^ p for (3 < UJ2 by g/3{a) = k iS [-Uq, fp] = ka, where a generates 
G'. We claim that the gp form the branches of a weak Kurepa tree. 

For suppose not. Then there is an a G coi such that Kfif/jfo:; P < U2}\ = 1^2 • This 
immediately implies that [G : Cg{V)] = 002 for a countable subgroup V <U. V is a direct 
sum of an extraspecial and an abelian group; especially g{V) < 2 (this follows from the 
fact that countable extraspecial p-groups are central sums of groups of order p^). So there 
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is an abelian A < V such that [G : Cg{A)] = uj2- Cutting away G' if necessary we may 
assume that [G : Ng{A)] = 0)2, contradicting the fact that G e y^^- ^ 

Note that in the hypothesis of the Theorem, extraspecial p-group can be replaced by 
(periodic) finite-by- abelian group. To see that this more general result is true, just apply 
Theorems 2.2 and 3.2 at the end of the proof. And if Question 1" had a positive answer, 
we could prove this for (periodic) FC -groups. 

There is a gap between Theorem D and Theorem 5.4. We feel that it should be 
possible to make a construction like the one in 5.3 using a weak Kurepa tree only. 

5.5. Using the same techniques as in 5.3 and 5.4 we get 

Proposition. The following are equivalent, 
(i) There is a Kurepa tree. 

(a) There is an extraspecial p-group which is Z^^ but not Z^^. 
(Hi) There is an FC -group which is Z^^^^ but not Z^^^. 

Proof. To see one direction ( (z) =^ (ii) ) let E be any extraspecial Z-gronp of size 
u>i, and let, as in 5.3, A — {A^; a < LO2} be an a.d. Kurepa family. For all a < LO2 define 
4>a by 



where ao generates Z{E) and {a/3; 1 < P < loi} generates E. Set G := £'><i(0q,; a < ^2). 
Clearly G has the required properties. 

Conversely, to see {Hi) =^ (z), make the same construction as in 5.4. □ 

In general, the group constructed in the first part of the proof will not lie in 
either. Hence the only question left open is whether there are extraspecial Z^^^ -groups in 
3^i^2 \ 2ai2- We conjecture that they exist in the constructiblc universe £. Such a group of 
size 1V2 would lie in 3^ \ ^ as well and so give an answer to Question 3F in [16]. 

On the other hand, unlike the other classes considered so far, the consistency of ZFC 
alone implies the consistency of the non-existence of extraspecial Z^^^ -groups in y^^^^ \ Z^^^. 
To see this, let V \= ZFC -\- GCH. Add L02, Cohen subsets of loi. We claim that in the 
resulting model V[Q] , there are no such groups. For suppose G is such a group. Find U < G 
of size uji with [G : Cg{U)] = (jJ2, without loss U<G. Apply 4.4 with A = ojs, k = a;i. 




if /3 = or /3 ^ A, 
otherwise. 
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H = U, and $ = G/Cg{U) (this can be done as ?7 e -Z^u-i)- Find A <U abelian such 
that [G : Cg{A)] = UJ2- Cutting C away, if necessary, we can assume Cg{A) = Ng{A), a 
contradiction. 

5.6. We now want to turn to the proof of Theorem E. Certainly, in a model where its 
statement is true, neither of the bad situations discussed in 4.2 (and 4.3, 4.6, 4.7) and in 
5.3 can occur. So we'd better look for a model where there are no Kurepa trees and where 
CH is false. The discussion in 5.4 and 4.4 suggests that there shouldn't be weak Kurepa 
trees either and that there should be reals Cohen over C One possible attack would be 
to destroy all weak Kurepa trees by collapsing an inaccessible to uj2 (as in [11, §§3,4] or 
[1, §8]) and then to add uJ2 Cohen reals (by the last 0^2 we mean, of course, the UJ2 of 
the intermediate model). Unfortunately, we don't know whether it is true in general that 
there are no weak Kurepa trees in the final extension; but this is true if the intermediate 
model is Mitchell's [11]. In fact, it turns out that in this case the second extension is 
unnecessary, and what we want to show consistent already holds in Mitchell's model. The 
reason for this is essentially that this model is gotten by first adding n Cohen reals (where 
K, is inaccessible) and then collapsing n to (jJ2 using a forcing which does not add reals - 
and hence does not destroy the nice situation created by the Cohen reals - while killing 
all weak Kurepa trees. 

First we will review Mitchell's model and some elementary facts about it. Let V ^" ZFC+ 
GCH+ there is an inaccessible". Let k be inaccessible in V. P = Fn{K, 2, uj) is the order- 
ing for adding k Cohen reals. IB = 1B(P) is the Boolean algebra associated with P. Set 
IPa '■= {p ^ IP; supp{p) C a} for a < k. P^ is the Boolean algebra associated with Pq,. 
/ e V is in the set A of acceptable functions iff 

(1) dom{f) C k; ran{f) C B; 

(2) \domif)\<uj; 

(3) /(7)eB^+, for 7 edom(/). 

If is P-generic over V, f E A, then we define / : dom{f) — > 2 in V[J^] by 7(7) = 1 iff 
/(7) e J^. Define Q in V[J^] by letting the underlying set of Q be ^ and / <||^ g iff 
f ^ g. So we get a 2-step iteration P * Q with (p, /) < (g, g) iS p < q and p ||— p/ <^ g. 
We shall denote the final extension by V[.7-'][^]. 

Facts (Mitchell [11]). (1) Suppose p jj— p"-D is open dense in Q below f", where 
f E A. Let g E A such that g Q f. Then there is h E A such that hD g and p \\-iph e D. 
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(2) Q, does not add new functions with countable domain over V[T]; i.e. if t : u) ^ 
V[JF] where t e V^G], then t e V[J^]. 

(3) Let {got', a < k\ C. A. Then there are X e [k]'^ and g & A such that ^a, P e 
X {dom{ga) n dom{gi3) = dom{g)) and Va e X [g^ \dom{g) = g). 

(4) P*Q preserves uj I (this follows from the ccc-ness of IP and fact (2)) and cardinals 
> K (it follows from (3) that IP * Q is k-cc), but collapses all cardinals in between to u>i; 
i.e. n^ = co^^^^^^K 

(5) InV[T][g], 2^ = 2^^ = U2. 

(6) Let V < K be such that v' -\- u < v for each v' <v. Then the generic extension 
via P * Q can be split in a 2- step extension, the first of which adds Iv] Cohen reals and a 
Q \v-generic function from v to 2, whereas the second adds the remaining k Cohen reals 
and the remaining part of the Q -generic function ^from k to 2. 

(7) In V[J^][Q], there are no weak Kurepa trees. 

Proofs. (1) to (5) are (more or less) 3.1 to 3.5 in [11]; concerning (3) we note that it 
is proved via a straightforward A-system-argument. (6) is made more explicit on pp. 29 
and 30 in [11] and proved in 3.6. For (7), see 4.7 in [11]. □ 

5.7. Proof of Theorem E. Wc show that V[J?-'][^] |="for both uji and UJ2 and any FC- 
group G, (i) through (iii) in (II) are equivalent", where V[.7-'][^] is Mitchell's model as in 
the preceding section. 

Counterexamples G with \G/Z{G)\ = oji are easily excluded. Without loss such G 
would have size u>i . By the k-cc of P * Q (which follows from the ccc of P and fact (3) 
in 5.6) it would lie in an intermediate extension (see fact (6)). Any real Cohen over this 
intermediate extension shows that the assumption was false (by the argument of Theorem 
4.4). 

Suppose G is a counterexample with \G/Z{G)\ = U2; without loss \G\ = C02', [G : 
Ng{A)] < ui for all abelian A < G; and there is a U < G of size < ui such that 
[G : CaiU)] = UJ2 (because G cannot be a Zi^^-gTo\x\) by Tomkinson's result (II) in the 
Introduction). Without loss \U\ = ui. Let V := U'~^ = {x~^Ux; x G G). As G is an 
FC-group, \V\ = uji: and V<G. Clearly \G/Cg{V)\ = 002- For any g E G/Cg{V) define 
a function fg-.V^Vhy fg{y) := g~^vgv~^ where g E g is arbitrary. Think of {fg; g e 
G/Cg{V)} as the set of branches through a tree T. As V[.F][^] does not contain weak 
Kurepa trees (fact (7) in 5.6), there is a countable S CV such that {fg\S; G e G/Cg{V)} 
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has size UJ2- Let W := (<S"^). is a countable normal subgroup of G; and |G/Cg(VF)| = UJ^ 
by construction. 

We now want to prove that there is an abelian A <W such that [G : Cg{A)] = (jj2 
{main claim). The way we do this is an elaboration of the proof of Theorem 4.4. For this 
argument it is crucial that we use Mitchell's model and not just any model without weak 
Kurepa trees. 

We think of G/Cg{W) as a group of automorphisms $ of W; more explicitly, $ : u;2 — ^ 
Aut{W). In V[J^], let $ be a Q -name for Let {a < k) be the set of conditions 
deciding Dq, is open dense by fact (2). Let Da be a P-name for Da {a < k). Then 

Da is open dense" . 

By fact (1) there are ga & A such that 

\\-JP 9a e Da- 

So in V[JF], there are (pa such that ga \\—^ = (pa- Let (pa {ct < n) be P-names for 

the (pa- Then ||— p ga ||— ^ ^{a) = (pa, where ^ is a P-name for ^. Using fact (3) we get 
X e [k]'^ and g & A such that \/a, P e X, dom{ga) H dom{gj3) = dom{g) and Va e X, 
ga\dom{g) = g. Now we split P into two parts (i.e. P = Pi x P2) such that 

(1) Pi adds K, Cohen reals and P2 adds one Cohen real; 

(2) there is y G [X]"^ such that Vet e F {(pa G V[jFi]) where J^i is Pi-generic over V. 
So in V[J^i], 

lhP2 9a Ih^ ^(«) = (pa, 

where a eY. From now on we work in V[.Fi]. As in the proof of Theorem 4.4 we think of 
P2 as adding a new abelian subgroup of W. Let ^ be a P2-name for this generic object. 
The rest of the proof of the main claim is by contradiction. Suppose that 

lhp*t! <W abelian {\{^a)\B; a < k}\ < k). 

Especially, in V[J^i], 

lhp,.t! m<^)\A;aeY}\<n. 

Hence, 



Ihp,,^ 3a V/9 > a (/? e y ^ 37 < a (7 e y A \A = 6(7) \A)). 
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So there are a < k and C e JP2, h D g, h e A such that 

(C, h) lhp,*tj V/3 > a (/? e y ^ 37 < a (7 e y A [i = 6(7) ri)). 

Choose Z e [y \ a]'* such that for (3 & gp and /i are compatible (in V). For P e Z let 
(in V[T]) Dp be the set of conditions forcing ^{(3)\A = ^{'y)\A for some 7 < a. Dp is 
open dense below h. Let be a P2-name for Dp. By fact (1), there are hp such that 
hp 5 S^/? and hp D h and 

C Ihp, /i/3 e Dp. 

I.e. 

(c,/.^) ihp^,^ m\A = M^ = 

for some 7 = 7(/3) < cu. Choose by fact (3) Z' e [Z]'^ and ^ D /t (^ e ^ of course) and 7 
such that 

(1) V/3i 7^ /52 e {dom{hp^) D dom{hpJ = dom{h)); V/? e (/i = /i^[dom(/i)); 

(2) 7(/?) = 7 for /? e Z'. 

C < is a finite abelian subgroup. So [M^ : Cw{C)] <uj. As = k, |{0^[Cvk(C); (3 e 
= K so that we can find c e Cw{C) \ C and /?i,/52 € -Z^' such that {c)(j)p^ ^ {c)4)p^. 
Then 

((C, c), hp, U V) Ihp,,^ "^(/?i) \A = ci>p, \A = $(7) \A = c}>p, \A = ^{(32) \A 

and 0^, [i^^ 

which is a contradiction. 

This ends the proof of the main claim and shows that there is indeed an abelian 
A<W such that [G : Cg{A)] = UJ2. Then either [G : Ng{A)] = 0J2 or we apply Theorem 
3.2 - as we did before in the proofs of Theorems B and C - to get B < A such that 
[G : Ng{B)] = (jJ2. This is the final contradiction. □ 

It should be clear that this proof also yields that in Mitchell's model, both y^^, = Z^^^ 
and y^i^ = 2i^2 for periodic FC-groups; especially y = Z for groups of size < 002- 

5.8. Theorem. The consistency of ZFC + I implies the consistency of ZFC + the 
following statements. 
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(i) yoji = ^uji for periodic FC-groups - and any periodic FC-group G with \G/Z{G)\ = 
uji has an abelian subgroup A with [G : Ng{A)] = uji; 

(ii) yuj2 — ^1^1 fo'^ periodic finite-by- abelian groups - and any periodic finite-by- abelian 
group G with \G/Z{G) \ = 0J2 has an abelian subgroup A with [G : Ng(A)] = 102; 

(Hi) There is an FC-group G with \G/Z{G)\ — u>2 but [G : Ng{A)] < ui for all abelian 
A<G. 

Proof. Let n be inaccessible in V. By [1, Theorem 8.8], there is a partial order P such 
that for Q P-generic over V, 

V[g] \= MA + 2'^ = UJ2+ "there are no weak Kurepa trees". 

(This is proved by a countable support iteration of length k of partial orders which alter- 
natively make wi-trees special and are ccc.) Now apply 4.4/4.5 (for (i)), 4.6 (for (iii)), and 
5.4 (for (ii)). □ 

As both MA and no weak Kurepa trees follow from the proper forcing axiom PFA (by 
[1, § 8] - see also [2, 7.10]), (i) through (iii) in the Theorem hold if we assume ZFC + PFA. 

5.9. Proposition. For any cardinal k > uj2 it is consistent that there is an extraspe- 
cial p-group of size k such that for all maximal abelian subgroups A < G , [G : A] < uji. 

Proof. By the arguments of 5.2 and 5.3 it suffices to generically add a Kurepa tree 
with K, branches as follows (Folklore). Let IK« '■= {p, p is a function and dom{p) = a x ^, 
where a < uji and A e and ran{p) C 2}, ordered hj p < q iS a{p) > a{q) (where 
a{p) is the a of the definition of the p.o.), A{p) D A{q), p\{a{q) x A{q)) = g, and for all 
13 e A{p) - A{q) there is 7 G A{q) such that p\{a{q) x {/?}) = p\{a{q) x {7}). 'K^ is (if 
we assume CH in the ground model V) u>2 — cc and wi-closed, and so preserves cardinals. 
Clearly this works. □ 
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§ 6. Generalizations 



6.1. It was mentioned in the Introduction that (II) holds for arbitrary ^^-groups G 
[4]. One might ask what goes wrong in this general case (where G is not required to be 
FC) if we drop the Z«-condition. 

Proposition. For any cardinal n there is a group G with \G/Z{G)\ = 2'^ and [G : 
NaiA)] < K for all abelian A<G. 

Proof. Let A and B be two elementary abelian p-groups of size k,. Let h : [/t]^ — > k 
be a bijection. We define a factor system r as follows: 

, . r if a > /3, 

otherwise, 

where the aa {ba, resp.) {a < n) generate A {B, resp.); extend r bilinearly to A"^. Let 
C := £'(t) be the extension. (Note that C is the free object on n generators in the variety 
of two-step nilpotent groups of exponent p (p > 2); and that its maximal abelian subgroups 
are of the form {B, a), where a ^ B.) Let D be a group of order p. Let G be the (abelian) 
subgroup of Aut{C ® D) consisting of all automorphisms (j) which fix S ® D and satisfy 

Vc e C © D 3A; e p (c0 = c + kd). 

Clearly, |G| = 2*^. Let E be the semidirect extension of C®D and G (i.e. E = {C®D) xG). 
We leave it to the reader to verify that \E/Z{E)\ = 2'^ and [E : Cs(^)] < k for all abehan 

A<E.n 

Note. The proof is similar to (but easier than) the proof of Theorem A (see 4.2 and 
4.3). Unlike the latter it does not involve any set-theoretic hypotheses. On the other hand, 
the group E constructed above is not kC but k~^C (a group G is kC iff every g & G has 
less than n conjugates). 

6.2. We restricted our attention to «; = c<;i or U2. This is reasonable because the 
problem seems to be most interesting for small cardinals. Also, the constructions in §5 
(5.3 and 5.9) show how to get consistency results concerning the existence of pathological 
groups for larger cardinals (just use A-Kurepa families instead of (a;i-)Kurepa families for 
the appropriate A). Nevertheless we ignore whether the non-existence of such groups is 
consistent for n > uj^ (cf Theorem E). 



31 



References 



1. J. Baumgartner, "Iterated forcing," Surveys in set theory (edited by A. R. D. 
Mathias), Cambridge University Press, Cambridge, 1983, 1-59. 

2. J. Baumgartner, "Applications of the proper forcing axiom," Handbook of set- 
theoretic topology, North-Holland, Amsterdam, 1984, 913-959. 

3. V. Faber, R. Layer and R. McKenzie, Coverings of groups by abelian subgroups, 
Canad. J. Math. 30 (1978), 933-945. 

4. V. Faber and M. J. Tomkinson, On theorems of B. H. Neumann concerning FC- 
groups n. Rocky Mountain J. Math. 13 (1983), 495-506. 

5. L. FuGHS, "Infinite Abehan Groups I," Academic Press, New York, 1970. 

6. L. FuGHS, "Infinite Abehan Groups II," Academic Press, New York, 1973. 

7. T. Jegh, "Set theory," Academic Press, San Diego, 1978. 

8. T. Jegh, "Multiple forcing," Cambridge University Press, Cambridge, 1986. 

9. K. KUNEN, "Set theory," North-HoUand, Amsterdam, 1980. 

10. L. A. KURDACHENKO, Dvustupcnno nil'potennye FC-gruppy (Twostep nilpotent FC- 
groups), Ukrain. Mat. Zh. 39 (1987), 329-335. 

11. W. MiTGHELL, Aronszajn trees and the independence of the transfer property, Ann 
Math. Logic 5 (1972), 21-46. 

12. D. J. S. Robinson, "A course on the theory of groups," Springer, New York Heidel- 
berg Berlin, 1980. 

13. S. Shelah and J. Steprans, Extraspecial p-groups, Ann. Pure Appl. Logic 34 
(1987), 87-97. 

14. M. J. Tomkinson, Extraspecial sections of periodic FC-groups, Compositio Math. 
31 (1975), 285-302. 

15. M. J. Tomkinson, On theorems of B. H. Neumann concerning FC-groups, Rocky 
Mountain J. Math. 11 (1981), 47-58. 

16. M. J. Tomkinson, "FC-groups," Pitman, London, 1984. 



32 



